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VARIATIONAL PRINCIPLES OF NON-LINEAR THEORY OF BRITTLE FRACTURE*
LE KHAN CHAU

An energy criterion of equilibrium of a non-linearly elastic body with a
crack is formulated. Equations of statics and conditions which must
hold at the outer boundary of the body, at its surface and at the slit
edge, are derived. An evolutionary variational inequality is
postulated, from which the formulation of the dynamic problem of the
motion of a body with an expanding crack follow.

1. Forumulation of the problem. Let us consider an elastic solid which has a defect
when in its natural state. The defect can be modelled by a displacement discontinuity surface,
which will be called, from now on, the crack. Let this crack be situated on a smooth, two-
dimensional surface &, with a smooth boundary dQ. We take the natural configuration of the
body occupying the region Vg = V\ (Q |J 0R) of three-dimensional Euclidean space as the
reference configuration, and denote the Cartesian coordinates of the particles of the body
in this configuration by X,,a=1,2,3. In the deformed state the Cartesian coordinates of
the particles will be given by the formulas

= x; (X, X5, Xy), 1=1,2,3

The coordinates x; fill the volume v of the current configuration. If the deformed
body with a crack is in a state of equilibrium, the functions z; (X,) will map in 1:1
correspondence with a positive Jacobian. When X; pass through Q, the functions z; become
discontinuous. The traces «; (X,) on both sides of Q describe the surfaces of the crack
in the deformed state (Fig.l).

The first problem consists of establishing the criterion of equilibrium of the con-
figuration 2, (X,;). With this purpose in mind, we shall formulate the following variational
principle: in order for the defromed body with a crack to remain in equilibrium, it is

necessary and sufficient that the variation in the energy of the body taken in a specified
éonfiguration be greater than, or egual to zero for all admissible configurations. We shall
call’'a virtual configuration of the body admissible, if its displacement discontinuity surface
contains €, or if it coincides with it.

If the body has no crack, the criterion of equilibrium in the class of all continuous
configurations reduces to the well-known principle of stationarity of the energy of a non-
linearly elastic body /1-3/. The generality of the energy criterion of equilibrium was
satisfactorily demonstrated.for other mechanical systems by Gibbs /4/. The papers by Griffiths'
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/5, 6/ provide the source for a generalization of this criterion to the mechanics of the
brittle fracture of a body with a crack. In order to find the critical length of the crack
(in the plane problem) Griffiths differentiated the total energy of the body which included
the surface energy of the crack, along the crack, and equated it to zero, This idea was
further developed in numerous publications (e.g. /7-12/).

In the present paper the criterion is used to find the equations of statics and the
boundary conditions in the problem of the equilibrium of a geometrically and physically non-
linear body with a crack. We note that imposing a restriction on the admissible configurations
in the energy criterion prevents the body returning to the state with a "recovered" crack.
Therefore, the theory is distinctly non-holonomic and irreversible. As a result, the con-
dition of equilibrium (or of non-propagation) of the crack consists of the requirement that
the modulus of the transverse energy flux arriving at the crack edge should be less than, or
equal to double the surface energy density. When the linearization is carried out, the con-
dition reduces to the well-known Cherepanov condition /7, 8/.

If the condition of equilibrium does not hold for even a single configuration, the crack
will become a propagating crack. The problem of the motion of a body with a crack, even in
the material description, is a problem with a varying inner boundary. Here we have a typical
mechanical system, with constraints being released. The most suitable method of describing
such systems is that of the evolutionary variational inequality /13, 14/. 1In the case of a
body with a crack, it is best to begin the study of variational inequality by analysing the
equation of energy balance. Such an analysis shows why the kinetic energy flux must complement
the work of the D'Alembert's inertia force in the evolutionary variational inequality of the
theory of fracture. While postulating the evolutionary variational inequality, we must also
demand that when the possible variations are replaced by the real velocities, the inequality
will become the equation of energy balance /2, 3/. Only then can we find the complete system
of relations necessary to formulate a dynamic problem.

/—‘

A

Fig.l Fig.2

2. Criterion of equilibrium. Thus, if we take the criterion of equilibrium formulated
above as the starting point, the formulation of the boundary-value problem of the equilibrium
of an elastic body with a crack will reduce to that of specifying its energy on all admissible
configurations in which the surfaces of discontinity differ from Q. Let some arbitrary con-
figuration z; (X,) have the surface of discontinuity £. By analogy with the Griffiths theory
we postulate the following expression for the functional of the energy of the body:

E={U@.KndX +(2vdd+ § p®(zpdx — § 7.2,d4 2.1)
Vs = Vs vy

Vs = VN (S U 9Z) oV =aV, | aVy

Here dX and d4 are the volume and area elements respectively, p, is the mass density
of the material in its normal state, U (zi 4, KB) is the volume internal energy density and
vy is the surface energy density. The tensor z; . = 0z;,/6X, corresponds to the locality
gradient (distortion), and Kp(X,) B =1,...,N) to the characteristics of the material (of
the modulus of elasticity type). The mass force potential is denoted by D (z;), and T; 1is
the "dead" load acting on the segment dVr of the outer boundary of the body. The position
of the particles on the remaining part of the outer boundary 4V, is assumed given: z; =
r (Xo). Here and henceforth the lower case Latin indices assume the values 1, 2, 3 a coma
preceding the index denotes a partial derivative in X,, and repeated indices denote summation.

According to the energy criterion, the configuration of the body z; (X,) with disconti-
nuity surface Q will be in equilibrium if for all admissible configurations y; = y; (X,
¢} with discontinuity surfaces Q& OHQ satisfying the constraints y; (X, 0) = z; (X,) and
¥ (Xq, &) = r; (Xg) at X, <= dV,, the following inequality holds:

8E = dE y; (Xa, €)1/ de |e=o 2> 0 2.2)
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To obtain a corollary from (2.2) we must determine §E. Since the discontinuity surfaces
in admissible configurations may differ from Q, when &g 0, it follows that in calculating
8E it is convenient to introduce a 1:1 mapping of V onto V according to the rule Y,=7Y,
(Xg, &), such that the surface Q will become Q¢ and Y (X, &) = X, when & =0 and when
X. 0V (the outer boundary is fixed with respect to the particles).

First we shall determine, separately, the variation of the internal energy

8U =38 U(yiar Kp)det|Yop|dX = § [Toid (si.a) +
Vo va
(BU/0Kp) Kp,o8Y o + UBY 4 4]

Here and henceforth the symbol § will be used to denote a partial derivative in ¢ when
¢ = 0, X, = const. For example, 8Y, = dY, (X.. €)/0¢ le=g. To; = 8U/ 8z;,a 1s the Piola-Kirchhoff

tensor and y;, o = 9y;/dY,. It can be shown that 8 (y;,q) = 08¥i,a — 21,6 8Ys,a, 8y = Oy; (Y, (X, €)
e)/0¢, therefore

§U = S [Taib¥i,a + RapOY a,b + (BU /0K ) K, o8Y ;] dX (2.3)
Vo

where pg = —Tpzio + US,,  is the analogue of the chemical potential tensor in the theory of
phase transfer /2, 4/. Since z; (X,) and other functions become discontinuous on Q and
may have a singularities in the neighbourhood of 02, we transform the integral (2.3) by
first replacing the domain of integration Vg by V, with internal boundary Q, separated
from dQ by a distance of the order of h (Fig.2).

Integrating the relation (2.3) by parts and letting h tend to zero, we obtain

80 = § [— Tusaby, + (—tas,s -+ (0U/0K ) K,o) 8Y ] dX + 2.4)
Vg
$UTabyad No+ (nap) NobY o] dA — § J,8Y,d8 +
Q a
§ TubyiN.dd ((h=f—7)
oV

Here dS 1is the element of length, the plus and minus superscripts denote the limiting
values of the corresponding magnitudes on both sides of Q, N, in the vector of the outer
normal (it is directed, on Q, towards the side corresponding to the plus sign). Finally,
J is the vector of the energy flux arriving at the crack edge given by the formula

Jo=1lim {popny @8 = lim §(— Tpizi, o, + Ung) S (2.5)
D=0 ) |T{~0

where the closed contour I, in the plane transverse to 4Q embraces the point X, on Q
and contracts to it in the limit when the length of the contour |I'| tends to zero.

The integrals (2.5) are analogues of J, which represents the integral in the geometri-
cally linear theory of fracture /7, 12/. We note that in deriving the relation (2.4) we
assumed the following asymptotic behaviour of the stress field near the crack edge:

lim { 7o, ds=0

IT[—~0

Such a property holds if the order of the singularity of T,; near dQ 1is less than
unity.
The variations of the remaining terms of expression (2.1) have the form

6 § 2vaa=—(avan,8Y,d4 + § 2yv,8Y,ds (2.6)
Qt 82 : oQ
8 § Twida— § royida 8 § p0yax—

vy ovyp voe

§ 0oFi 8y, + 2:,8Y ) dX + § py (D) No8Y ,d4
Vg Q

where H is the mean curvature of the surface Q, F; = —d®/dz, are the volume forces, v, is
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the vector of the normal to the crack edge 4. By virtue of the above restrictions the
virtual discontinuity surfaces Q¢ always contain Q and tend to it as &€—0. If the
surfaces Q¢ are smooth continuations of @, then v, will represent, at the same time, a
vector tangent to Q. In the general case this is optional, and v, just indicates a normal
direction from dQ to 4Qe. Having combined relations (2.4) and (2.6), we arrive at the
formula

8E = § [— (T s~ 0oF3) 6yi+ (—uv.o — (OU 9K 5) K b, o + 0ol s51,0) 8Y o] dX -+ 27
Vo
3 [(Taiayi) Na + ((P’ab) Ivb - 4YH[Va + Po {Q)} Zvu) 6Ya] a4 -+
L

§ @va—T18Y,dS + § (TuNe—T)by;dA

o @

It is clear that 8y; and &Y, can take any prescribed values in Q, just as &y;
can on dVr. Therefore from (2.2) and (2.7) it follows that

Tosa + PoFi =0, I = 0Ul02;, (28)
—Map,» + (QUI0KB)KB, o + 0oFixia =0 (2.9)
z; =r; (X,) on 0V, To;N, = T; on dVy (2.10)

We note however, that Egs.(2.9) hold automatically by virtue of Egs.(2.8).

In order to obtain the remaining relations, we shall analyse the constraints imposed on
the variations &y, 6Y, on Q and 9Q.

If the crack edges do not touch each other in the deformed state, then O8y;*¥ can take
any prescribed value.

Let us assume that the above statement is false. In this case we denote by Q@+ and Q-
the subregions of @, whose points are in contact after the deformation. If we superimpose
on the surface @ a two-dimensional curvilinear coordinate system, the contact condition will

become .
T (e) = 37 By, M, QY 0,0, aes{l, 2}

We can show that the following inequality holds for the points 1, and 8,:
(8ys* () — by~ @) ny > 0

where n; 1is the general vector of the normal to the contacting surfaces directed towards
the side with minus sign. In addition, we can show that the quantities &y,%z;,, can take
any value on Q where gz; , = dz;/on,. In case of the slippage of crack edges, the frictional
forces are disregarded.

The assumption that Q¢ - Q implies the following constraints for the functions §Y,:
Y, N, =0 on Q, Y v, >0, 8Y,n, =6Y,t, on 99, where 7, and n, are the tangent vector
and binormal to JQ, respectively.

Taking all the above constraints into account, we obtain the following boundary conditions

from (2.2) and (2.7):

T3iN, =0 on @\ QF, TyN.zi,, =0 on QF 2.11)
TENan Va fn,=TaiNens Valo,=—p<0 on Qx (2.12)
{pap}NeXa,0. = 0 on Q (2.13)

[Jal =V e —JT2 <2 (2.14)

(a=det|aag|, @up = Xa,aXo,p» Xa,0==0Xy/Ma, J3=171,T,)

Condition (2.13) holds identically by virtue of the other constraints.

Thus, relations(2.8),(2.10) ,(2.11),(2.12)and(2.14) represent, as a set, a complete system
of equations and boundary conditions which must hold for any equilibrium configuration. We
note that the condition of non-propagation of the crack (2.14) is separated from the remaining
conditions. Therefore, when the problems are being solved in practice, we can first solve
the system (2.8), (2.10), (2.11) and (2.12) so as to find the configuration z;(X,) and
stress field T, and then use formula (2.5) to find J, and confirm the condition (2.14).

3. Evolutionary variational inequality. 1If no configuration satisfies Eq.{2.8) and
boundary conditions (2.10), (2.11), (2.12) and (2.14), the crack cannot be in equilibrium and
it becomes a propagating crack. We denote the discontinuity surface of the body at the
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instant ¢t by ;. Since the process of crack propagation is irreversible, it follows that we
must impose the following constraint on Q: @ O Q; for ¢ >t Thus even in the material
description we have a problem with a changing inner boundary which is not specified in advance.
The law of motion for a body with a crack has the form

7= (Xoy 1), Xe E Ve = VN (& U %) (3.1)
In order to obtain the equations of motion for z; (X, i), it is best to begin by
analysing the energy balance
d(E + Ky/dt =0 (3.2)
E={UokndX + § 2vad+ § 00 (xgax —
v, 8, v,
1 [ o

S Ta;dA, K=TS porszi dX (3.3)

vy v,

The functional E describes the potential energy of the body and surface energy of the
crack, and K the kinetic energy of the body. Here z;" = dz; (X,, t)/dt is the velocity of the
particles, and the remaining symbols are as before. Since E and K depend on t through the
variables of the domain of integration, it follows that in order to fix these domains it is
best to introduce the 1:1 mapping of V into V according to the rule X, = X, (X, t'), such,
that the surface Q; passes into y; and X, (X;,t') =X, when ¢ =t and X,=4dV. The
functional E depends on t in exactly the same way as on g, and hence in order to obtain E
we only need to replace in formula (2.7) 8E by E,d8y; by 6z and 6Y, by X,”, where
the symbol §; denotes a derivative of a composite function of t with fixed X,:

Sz, = 0y (Xo' (Xao '), U)OV [1=2

This symbol is introduced here in order to stress the difference, for example, between
8;z; and z;. Let us now find K

ax '

d a
o |aX = (3.4)

at’

(_ %poxi'zi' det
v,

1 . oxXy | e
S 6, (—Z"Pori T detlﬁl ) dX:S (Pori 8¢y’ + = PoTi 1 Xa,a) ax
Vi \2

t

K=

After changing the coordinates the velocity of the particles takes the form
z, = 8z, (X, ')t =
It is clear that
z) =8 — 20X, O =z, +z,. X" (8.5)

where z,” = 9%; (X,, t)/ot is the acceleration of the particles. Substituting the expression
(3.5) for §&z; into formula (3.4) and integrating the last term by parts, we obtain

K= oz (e — 20X, dX + | QX" dS (3.6)
v, 0%,

1
= lim S ~5 OnXi Z; %, dS
a Irtl_'ort 3 Poli T3 %g

where T; is a closed contour in the plane transverse to 4Q;, embracing the point X, on
09, and %, is the vector of the outer normal to TI,. The vector @, represents the kinetic
energy flux arriving at the crack edge. Thus the law of conservation of energy for the body
with a crack has the form

d(E + KR)/dt = S [(po®s” — Tai,a — PofF's) 8123 + (— av.p + (U /OKB) KB, o + (3.7)
\f
pOFiIi,a - pozi..xi,a) Xn,.] dX + S [(Taist‘Ti) No + {“’nb) NbXa,.] dA +

2,

{ @rva— L)X aS + § (TuNa—T) 82,44
29, v,
I,= lim S [—— T pitti, a%p + (U + %pﬂ{r{) ua] ds (3.8)

wyo f
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In (3.7) we have taken into account the fact that N,X,”=0 on Q, (this property
follows from the fact that Q D Q, for t' >1).

Let us now consider the evolutionary variational inequality. To do this we introduce
the class of admissible motions of the body with a crack y; (X, ¢, ), with the discontinuity
surface Q, satisfying the constraints £* D ; for all t. Since Q¢ can differ from
we shall construct, as before, the mapping from V into V according to the rule Y, =Y, (X,, ¢, €)
such that the surface €; becomes QFf and Y, (X, ¢,8) =X, when ¢=0 or X,=aV.

Next we shall formulate the principle of virtual work for the body with a crack as follows:
in the real motion of the body with a crack the evolutionary variational inequality

8F + § pogi” (695 — 20.06Y ) dX — § 0,87, dS >0 (3.9)
v, a0,

holds for all instants of time t and for all variations of the admissible motions  §y;, 8Y,.

Moreover, this principle will demand that the variational inequality (3.9) should become an

equality expressing the law of conservation of energy, provided that dy; and dY, in (3.9)

are replaced by §8;z; and X, Here the symbol § denotes the partial derivative in &

for fixed X,, t, taken at & =0

Sy; = 0y; (Yo (X, 8, €), 8, £)/08 |e—y
8Y, = Y, (Xq, t, £)/0€ |s=y

The functional E in (3.9) depends on the admissible functions y; (X,, ¢, €) with the dis-
continuity surfaces in the following manner:

E=§ UokndX + § 2vda+ § p0dx— § 7Tuy;da

(3 € e v
v, @, vy T

Ve =T\ (¢ U 09¢#)

The vector of the kinetic energy flux @, is given by (3.6). Comparing (3.6) and (3.7)
with (3.9), we easily see why the variational inequality (3.9) contains, apart from the usual
work done by inertia forces, the kinetic energy flux. However, the equation of energy balance
appears to be only a heuristic concept and Egs.(3.9) is regarded as a postulate in the dynamic

theory of fracture.

Expanding the variation of energy E in inequality (3.9) we find, as before, that the sum
of the integrals in (3.7) is non-negative when §;z; is represented by &8y; and X,” by 4Y,.
The inequality, together with the constraints imposed on the functions dy; and &Y, and
listed above, leads to the relations

Taoiya + poFi = 0oy Tay = 0U/0z;, o inV} (3.10)
z; = r; (X) on 0V, TaNo = T; on dVr
TaiiNa =0on Qt\Qtiy Tm'j:NaIi,ﬂ =0 on Qt:t
TN V@ oy =TaVan; Va o, =—p <0 on QF
| I | = V]ala — Iz 2yon 9, I; = I,

where ,* are the prototypes of the contacting crack edges at the instant ¢, and [/, is the

vector of the energy flux given by (3.8).
We shall now make use of the second part of the principle formulated above. Replacing

8y;, 0Y, in the variational inequality (3.9) by §;z;, X, and taking (3.10) into account,
we obtain the law of conservation of energy in the form

$(Tadizy NadAd + § @pva— 1) X, dS =0 (3.11)
Q OQt

Here X, ™V, determines the normal rate of propagation of the crack edge.
From {(3.11) we obtain the additional relations

p>0=lz;* Ma) — 2, (Bu)lny; =0 (3.12)
p =0=Iz" (M) — 2,7 (Ba)ln; 2> 0 on QF
| In | << 2y = X"ve = 0 ( no propagation )
[ I | =2v=X"voe = 0, 2y, =1, — I3,
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Relations (3.10) and (3.12) together form a complete system of equations and boundary
conditions for determining the motion of a body with a crack.
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THE SELFSIMILAR DYNAMIC PROBLEM OF A HYDRAULIC CRACK WHEN ITS SIDES INTERACT
WITH A CLEAVING GAS FLOW*

YU.N. GORDEYEV

A selfsimilar solution of the problem of the propagation of a hydraulic
crack, taking into account the interaction of its edges with a cleaving
gas flow, is obtained. The influence of this interaction on the stress
intensity factor (SIF) and the dynamic flow characteristics is studied.

In the problems of cleavage of an elastic half-space by a rigid wedge, one of the
factors influencing the SIF is the force of friction between the wedge and elastic medium
/1/. When solving the quasistationary problems of the hydrofracture of a stratum, the
firctional forces arising between the gas flow and the crack edges are taken into account
only in the equation of motion of the flow. The shear stresses connected with the frictional
forces are neglected when the equations of the theory of elasticity are solved /2/. The
selfsimilar dynamic problems of the propagation of cracks cleaved by a gas flow were studied
in this approximation in /5, 6/, using the method of functionally invariant solutions /3, 4/.
when the cracks are cleaved by means of compressed gas at high velocities, as happens in the
case of impulsive hydrofracture /7/ and in the problems of explosive fracture /8/, the shear
stresses arising at the crack edges can become considerable.
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